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1. Introduction 



Abstract. We consider the Riemannian functional denned on the space of Riemannian metrics 
with unit volume on a closed smooth manifold M given by TZ^(g) := J M \R{g)\^ dv g where R(g), 
dv g denote the Riemannian curvature and volume form corresponding to g. We show that there 
are locally symmetric spaces which are unstable critical points for this functional. 

> 
O 

£: 

■ Let M be a closed smooth manifold of dimension n > 3 and ftA\ be the space of Riemannian 
. metrics with unit volume on M endowed with the C 2 ' a -topology for any a £ (0, 1). In this paper 
we study the following Riemannian functional 

Q: n p {g) = JjR(g)\ p dv g 

i -^H | where R(g) and dv g denote the corresponding Riemannian curvature tensor and volume form, 
d • p € [2, oo). Let S 2 (T*M) be the space of symmetric two tensors on M and W be the subspace 
£3 ■ °f S 2 (T*M) orthogonal to the tangent space of the orbit of g under the action of the group of 
diffeomorphisms of M at g. Let H denote the Hessian of 1Z P at any critical metric. For definitions 

7— ( 1 of critical metric and Hessian we refer to section 2. 

>: 

■"sj- . Definition 1.1. Let g be a critical point for TZ p ^ 1 . g is stable for 1Z P if there is an e > such 
t^" 1 that for every element h in W, 

H(h,h) > e\\hf (1.1) 
where |.| denote the L 2 -norm on S 2 (T*M) defined by g. 



| Spherical space forms are stable for 1Z P for p > 2 and hyperbolic manifolds are stable for p > 
[2]. The stability of locally symmetric spaces is not known in general. In this paper we prove the 
following. 

^ | Theorem 1. Let (M,g) be an irreducible locally symmetric space of compact type. If the universal 
^ ■ cover of M is one of the following then (M, g) is not stable for TZii . 

SU{q)(q>3), Sp{q)(q>2), Spin(5), Spin{6), SU(2q + 2) / Sp{q + 1), 

Sp{q + l)/Sp{q) x Sp{l){l,q> 1), E 6 /F 4 , F 4 /Spin(9) 

Moreover, (M, g) is a saddle point for TZil . 

The theorem follows by restricting H to the space of conformal variations of any irreducible 
symmetric space and using an estimate for the first positive eigenvalue of the Laplacian of (M, g) . 

Let (M,g) be a simply connected irreducible symmetric space of compact and Ai and s denote 
its first positive eigenvalue of the Laplacian and scalar curvature of it. We prove that if ^ > I 
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then (M,g) is stable for IZm restricted to the conformal variations of g. The above condition is 
also a necessary and sufficient criterion for the stability of the identity map of (M, g) as a harmonic 
map. In [2] the stability of the identity map of these spaces has been studied in detail. We observe 
that if (M, g) is not a sphere then g is stable for 7Za if and only if it is stable for the identity map. 

Let (M,g) be an irreducible symmetric space of compact type or a compact quotient of an ir- 
reducible locally symmetric space of non-compact type. From the proof of the theorem we observe 
that if (M, g) is neither one of the type in Theorem 1 then (M, g) is stable for 7Z p (p > §) restricted 
to the conformal variations of (M,g). 

2. Proof 

Let {ej} be an orthonormal basis at a point of M. R is a symmetric 2-tensor defined by 

R{x,y) = ^2R(x,ei,ej,e k )R(y,ei,ej,e k ). 

Let D and D* be the Riemannian connection, its formal adjoint and s denote the scalar curvature. 
d D . s 2 (T*M) -> T(T*M <g> A 2 M) and its formal adjoint 5 D are defined by 

d D a(x,y,z) := (D y a)(x,z) - (D z a)(x,y) 
5 D (A)(x,y) = ^2{D ei A(x,y, ei ) + D ei A(y,x,ei)} 

where A 2 M and T(T*M <g> A 2 M) denote alternating two forms and sections of T*M (g> A 2 M. Let 
gt be a one-parameter family of metrics with ^(gt)\t=o = h and T(t) be a tensor depending on 
g t . Then ^T(t)\ t =o is denoted by T' g (h). Define Hh(x,y) = ^D x y\ t=Q where x,y are two fixed 
vector fields. The suffix h will be omitted when there will not be any ambiguity. Consider any 
/ G C°°(M). Note that 

9(^fg(x,y),z) = ^[D x fg(y,z) + D y fg(x,z)-D z fg(x,y)] (2.1) 

= 2 [ d f( x ">9(y> z ) + d f(y)9( x > z ) ~ df{z)g{x, y)} 
Let A denote the Laplace operator which acts on C°°(M). We use the following definition. 

A/ = -tr(Ddf) 

(,), |.[, (,), ||.|| denote point- wise inner product, point-wise norm, global inner product and global 
norms induced by g. 

VTZp(g) in S 2 (T*M) is called the gradient of K p at g if for every h € S 2 (T*M), 

j t K p {g + th) = K' p{g .h = (VK p (g),h) 

g is called a critical point for TZ p \^ if the component of S/lZ p (g) along the tangent space of M.\ at 
g is zero. The Hessian at a critical point of 1Z P is given by 

H{h u h 2 ) = <(V72p);(/ii),/»2> V fci.fo G ,S 2 (r*M) 
Proposition 2.1. Lei (M,g) be a compact irreducible symmetric space and f G C°°(M). Then 

H(fg, fg) = p\Rr 2 [a\\Af\\ 2 - b\\df\\ 2 + c||/|| 2 ] 
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n 2 |i?| 2 
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where, a, b, c is given by, 

, 4s 2 

a = n — 1 + (p — 2 

6 = 4(p - 1 

n 

c=(p--)|i?| 2 . 

Let (M,g) be a closed irreducible symmetric space and hi,h 2 € S 2 (T*M). From [2\ (4.1) we 
have, 

H{h u h 2 ) = —p\R\ p ~ 2 {{8 D (D*)' g (h{)R, h 2 ) + {D^R'^hx), d D h 2 )) - p\R\ p ~ 2 (R' g (hi) , h 2 ) (2.2) 

- P {{\Rr 2 )' 9 ^) R i DdDh i) - -\R\ 2 ((\Rr 2 y g (hi)g,h 2 ) 

+^(| J Rr);(^i)5>2) + ^||i?|| p (/ i i>2) 
Next we compute each term of the above equation for conformal variations to obtain the Proposition. 
Lemma 2.1. (5 D (D*)'(fg)R, fg) = 4^\\df\\ 2 

Proof. Let g(t) be an one-parameter family of metrics with g(0) = g and T be a (0, 4) tensor 
independent of t. Expressing D* in a local coordinate chart and differentiating it, we obtain, 

(D*T)(x, y, z) = -(g k n'(D k T) Jxyz + g kj [T Uh . xyz + T jIlkx y Z + T JxUkyZ + T jxyTl J 

Note that, II acting on two vector fields gives a vector field. Now evaluating (D*)' g (h)(R) on an 
orthonormal basis we have, 

(D*)' g (h)(R)j k i = Rllajkl + Rillijkl + RijU ik l + Rijm ir 
From the definition of dP we have, 

d D fg(x, y, z) = D y fg(x, z) - D z fg(x, y) = df(y)g(x, z) - df(z)g(x, y) 
Combining these two, 

^2{D*)'(fg)jkid D (fg)jki = ^^[Rnujkj + Rm l3 kj + Ri.ju tk j]dfk 

Let n be the Einstein constant of (M,g). Now using (2.2) we have, 

2^ Ruujkjdfk = 2^5f(II(ei,ei),e m )i?(e m ,e i ,e/ c ,e i )d/(e fc ) (2.3) 
= -(n-2)H#| 2 

Similarly, 

2 ^2 R ijn lk jdfk = rifi\df\ 2 and 2 ^ Rm tJ kjdf k = 2fi\df\ 2 (2.4) 
Combining the equations (2.3) and (2.4) the proof of the lemma follows. □ 
Lemma 2.2. (D*R' g (fg),d D fg) = -(n - 1)||A/|| 2 + (n - 4)£ ||d/|| 2 
Proof. By a simple calculation we have, 

D l, y f9(u, v) = Ddf(x, y)g{u, v) (2.5) 

and 

Dd D fg(x, y, z, w) = Ddf(x, z)g(y, w) - Ddf(x, w)g(y, z). (2.6) 
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From [T] 1.174(c) and using (2.5) we have, 

Rg(fg)(x,y,z,u) = --[Ddf(y,z)g(x,u) + Ddf(x,u)g(y,z) - Ddf(x,z)g(y,u) (2.7) 

-Ddf(y, u)g(x, z)\ + fR(x, y, z, u) 

Therefore, 

{R' g (fg),Dd D fg) = Ddf ik R' g (fg)i jkj -DdfuR l g (fg) ijj i 
= -( n -2)\Ddf\ 2 -\Af\ 2 -2 f i\df\ 2 
Using Bochner-Weitzenbok formula on the space of one forms we have, 

Adf = D*Ddf + (n - l)cdf 
Hence the lemma follows. □ 
Lemma 2.3. (R'(fg)Jg) = 4£ ||d/|| 2 - |i? 2 '" ' 2 



-g\ 

Proof. 

y y y -^pujiki i <?«2.j2K!2 

Differentiating it with respect to t and evaluating on an orthonormal basis we have, 

(i?^./l)pg — h mn (Rpmij Rqnij RpimjRqinj ~i~ RpijmRqijn) 
~\~{Rg-tl)pijkRqijk Rpijk(Rg'^)qijk 

Therefore, 

(Rg(fg)Jg) = -3\R\ 2 \\f\\ 2 + 2((R 9 -fg)JR) 

Using (2.7) we have, 

(R'gifg)i R) = ^^[Ddf jkRijki + DdfuRijji — Ddf ik Rij k j - DdfjiRiju] + f\R\ 2 (2.8) 
= 2^Af + f\R\ 2 

Hence the lemma follows. □ 
Lemma 2.4. (\R\ p )'(fg) = 2£ p\R\ p ~ 2 Af - pf\R\ p 
Proof. 

(\R\ p )'(fg) = P \R\ p -\R,R' g .fg) -2 P \Rr 2 (RJg) 
= p\R\ p - 2 (R, R'fg) - 2pf\R\ p ~ 2 tr(R) 



□ 



= p\Rr 2 (2f,Af + f\R\ 2 )-2pf\R\ p 
= 2 f ip\R\ p - 2 Af-pf\R\ p 

Using (2.6) we have, 

(Dd D fg,R) = 2(Ddf,r) = -2 M A/ 
Now the Proposition follows from the above lemma and equation. 

Proof of Theorem 1.1: Let (M, g) is a simply connected irreducible symmetric space of compact 
type which is not a sphere. Then 

R= , S r J + w 

n[n — 1) 
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where L is the curvature of standard sphere with sectional curvature 1 and W is the Weyl curvature 
of (M,g). From the above expression we have 

s 2 2 



< 



\R\ 2 n(n-l) 

Let Ai be the first positive eigenvalue of the Laplacian of (M, g) and / be an eigenfunction corre- 
sponding to Ai. Then from Proposition 2.1 we have, 

H(fgjg) = s \ lP \Rr 2 [a(-)- b ' 



n 6 {n — 1) s n 
From the Table A.l and A. 2 in [2] we have, 

H(fg,fg)<0. 

Next, we choose a sufficiently large eigenvalue Aj such that o(^) — | < 0. Let / be an eigenfunction 
corresponding to A«. Then we have, 

H(fg,fg)<0 

This completes the proof. □ 



Theorem 2. Let (M,g) be either a compact quotient of an irreducible symmetric of non- compact 
type or a compact symmetric space which is not one of the types in Theorem 1. (M,g) is stable for 
IZp for p > \ when it is restricted to the space of conformal variations of g. 

Proof. If (M, g) is a a compact quotient of an irreducible symmetric of non-compact type then the 
theorem is an immediate consequence of Proposition 2.1. Otherwise from the Table A.l and A. 2 
in [2] we have — > -. Therefore, 

= — 5 s — n ' 

H(fgjg) > S pX 1 \R\ p - 2 n-)--]\\f\\ 2 

s s 

> spAi|i?| p - 2 [(n-l)— -2" 



s n 

> 2s pA 1 |i?r 2 [^-2^° 

n n 

> 

□ 

Remark : Let (M,g) be one of the critical metrics of 1Z P mentioned in Theorem 2. This is 
an immediate consequence of the above theorem that (M, g) is a local minimizer for 1Z p (p > t|) 
restricted to the space of metrics conformal to g. 
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